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DISCLAIMER 
 

1. The supply of the services described in this document is subject to licence to be agreed between Consonance Ltd and the customer.  

 
2. This document does not amount to an offer for the provision of products or services, and the information contained herein is subject to change 

without notice.   

 
3. The content of this document is for general information only. It is not intended to amount to information on which you should rely. You must 

obtain professional or specialist advice before taking, or refraining from, any action on the basis of the content of this document. Consonance Ltd 
accepts no liability for any claims or losses due to reliance on any information in this document.  

 
4. While all reasonable efforts have been made to ensure that the data in this document is accurate, no representations, warranties or guarantees 

are made, (whether express or implied) that the content of this document is accurate, complete or up-to-date. 

 
5. Copyright © 2019 Consonance Ltd. The reproduction or transmission of all or part of this document, in any medium, by electronic means or 

otherwise, without the written permission of the owner, is prohibited. Any unauthorised act in relation to the content of this document may 
result in civil or criminal actions. 
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¹ A ‘contract’ encompasses the various types of insurance and reinsurance policies that may be grouped together as a portfolio (e.g. treaty catastrophe excess of loss). RW works with contracts 
where the underwriter’s share of both the modelled loss and received premium are proportional to the signed line/percent share. 

Given my current portfolio premium and expected 
loss, how much risk reduction is available? 

How much extra premium can I write for the same 
1/200 return period loss? 

How much extra expected return (or reduction in 
mean loss) is available for my current risk level? 

INTRODUCTION 
 
RiskWave® is portfolio optimisation software, designed to work with loss 
model output.  RiskWave (RW) minimises the overall volatility of a 
portfolio’s loss distribution by adjusting its constituent contract¹ percent 
shares. The resultant tail reduction serves to both minimise risk and 
improve capital efficiency. 

More specifically, RW solves the efficient surface.  The efficient surface is 
an extension of the two-dimensional mean-variance efficient frontier 
(𝜇, 𝜎); where the written portfolio premium 𝑃, provides the third 
dimension.   

Together with a suite of derived surfaces and analytics, the efficient surface 
allows users to answer the following example questions: 

 

 

 

 
 
 
 

BACKGROUND 
PORTFOLIO MANAGEMENT (The Thrashing Tail)  

 

Catastrophe models (CM) are now embedded in most property (re)insurers 
business processes. Yet users typically struggle to gain maximum ROI from 
the costly modelling process; as the loss statistics generated by leading CM 
do not help portfolio managers to effectively manage the tail of their 
portfolio loss distribution.  This results in excessive capital requirements. 

The ‘marginal impact’ technique (assessing a portfolio’s performance with 
and without a particular contract) is helpful, but of limited use as this 
method only considers one contract at a time.   The rest of the portfolio is 
considered to be a static block which may or may not be ‘optimally’ 
constructed. 
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PORTFOLIO OPTIMISATION 
Objective 
A (re)insurer’s objective is to select their portfolio contract percent shares 
in such a way that the portfolio achieves one, or a combination of the 
following goals:  
 

1. Maximise the premium 𝑃  
2. Minimise the expected loss ratio.  
3. Minimise a risk metric such as value at risk.  

 
Selecting the contract percent shares such that business constraints and 
portfolio objectives are met forms the basis of an optimisation problem. 

Risk & Return 
The term ‘risk’ is routinely used to describe the uncertainty (or volatility) 
of the rate of return. In some sense, we therefore wish to minimise the risk 
for a given expected rate of return.  

The modelled rate of return (hereafter referred to only as the ‘rate of 
return’) can be defined as follows: 

𝜇 = 1 −
𝐸(𝐿𝑜𝑠𝑠)

𝑃𝑟𝑒𝑚𝑖𝑢𝑚
 

We proceed to define ‘risk’ as the variance of the rate of return. Note that 
a reduction in the variance implicitly reduces tail risk.  

‘CORRELATION MODELS’ 
Event based catastrophe models capture the loss dependency structure of 
a portfolio’s constituent contracts.  This can be exploited by using mean-
variance analysis to ‘optimise’ a portfolio’s contract percent shares. 

MEAN-VARIANCE ANALYSIS 
Mean-variance analysis, is a mathematical framework for assembling a 
portfolio of contracts such that the risk (defined as the variance of the rate 
of return) is minimised for a given return. Real world constraints ensure 
that mean-variance portfolio optimisation is a non-trivial, algorithmic 
process. 

EFFICIENT PORTFOLIO 
A portfolio is efficient if its contract percent shares have been selected in 
such a way that the portfolio has the lowest possible level of risk for its 
level of return. 

THE EFFICIENT FRONTIER 
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The efficient frontier is the set of all efficient portfolios for the rates of 
return 𝜇  𝑡𝑜 𝜇 . Portfolios located above the efficient frontier are sub-
optimal, because a lower level of risk can be achieved for the same rate of 
return (or vice versa).  

The efficient frontier has two branches which are separated by the 
minimum variance point (MVP).    

 The efficient branch represents the best rate of return possible for a 
given risk level 

 The inefficient branch represents the worst rate of return possible for 
a given risk level.  

 
Thus, in order for a portfolio to be considered optimal, it must be located 
on the efficient branch of the efficient frontier.  

PORTFOLIO PREMIUM 
Contract percent shares have non-negative lower bounds with finite upper 
bounds, thus our most basic loss model portfolio optimisation problem is 
constrained.   Consider the maximum portfolio premium case 𝑃 ; the 
portfolio manager chooses to write the upper bound of every contract 
percent share.  There is only one possible portfolio for 𝑃  and this is also 
the only efficient portfolio.  The constrained efficient frontier (CEF) in this 
case is one single point.  

By and large, as the total portfolio premium increases from 𝑃 ≥ 0 to 
𝑃 ;  more contribution must be made from the more correlated/ 
volatile/ loss making contracts in order to satisfy the necessary portfolio 
premium requirement ⁱⁱ.  

The contract percent share upper bounds essentially interfere with the 
optimal portfolio construction as 𝑃 increases – leading to an increase in 
volatility and a reduction in the obtainable portfolio rate of return.  The 

range of possible returns decreases and as 𝑃 approaches 𝑃  the 
associated CEF narrows to a single point.   

THE EFFICIENT SURFACE 
For loss modelling purposes the efficient frontier is incomplete.  We must 
include the total portfolio premium as an extra dimension.  This results in 
a 2-dimensional ‘efficient surface’ embedded in 3-dimensional (𝜇, 𝜎, 𝑃) 
space.  (Note: the standard deviation 𝜎 is plotted instead of the variance 
𝜎  as the units of 𝜎 conveniently match those of 𝜇) 

The constrained efficient frontier associated with each 𝑃 stops at the 
minimum variance point.  Hence, only the efficient branch of each CEF is 
shown.   The blue sphere represents the current inefficient portfolio 
metrics.   
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PORTFOLIO OPTIMISATION SOFTWARE 
RW adjusts a portfolio’s contract percent shares to obtain the minimum 
variance of the rate of return for all feasible portfolio premium and 
expected rate of return combinations, thereby solving the efficient surface 
(𝑅𝑒𝑡𝑢𝑟𝑛, 𝑅𝑖𝑠𝑘, 𝑃𝑟𝑒𝑚𝑖𝑢𝑚).   

The efficient portfolio which most closely matches the user’s risk, return 
and written premium objectives can be selected from the efficient surface 
and the associated contract percent shares obtained. 

RW facilitates upper and lower bounds on contract percent shares as well 
as linear constraints. In addition, RW guarantees globally optimum 
solutions and is much faster than generic solvers with regards to this 
problem.  Other useful surfaces (including ‘value at risk’) can be derived 
from the efficient surface and examples of these are presented in the 
results section.  

INPUTSⁱⁱ 

 

BUSINESS CONSTRAINTS 
RW facilitates real world business constraints in the form of: 

Bounds: 
Upper and lower bounds on the individual contract percent shares: 
 
 If certain contracts must be included (e.g. maintaining a broker 

relationship); non-zero lower bounds on contract percent shares 
facilitate this condition. 

 Upper bounds on contract percent shares facilitate maximum signed 
lines.  

 If a contract’s percent share is deemed to be unchangeable – e.g. it is 
not up for renewal; this can be accommodated by setting the upper 
and lower bounds of the percent share to be equal to its current 
percent share. 

Linear Constraints: 
Linear terms (a coefficient multiplied by a decision variable) are added or 
subtracted.  The resulting expression is forced to obey an inequality 
constraint (one of (≤, ≥, =)) with regard to a right-hand side value. 
 
 Management may place limits on mean losses in certain region/perils 

underlying the world-wide view of risk. RW facilitates these limits 
through linear constraints. 

 Realistic disaster scenario (RDS) event losses can also be limited 
through the use of linear constraints. 

 Individual simulation periods can be entered as linear constraints.  As 
the contract losses are additive across a given simulation period. 

The effect of key business constraints can be weighed up in the context of 
portfolio performance by re-running the optimisation routines with or 
without any particular bounds and or linear constraints. 
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² The efficient surface is a plot of (𝜇, 𝜎, 𝑃) not (𝜇, 𝜎 , 𝑃).  The standard deviation (square root of the variance) is plotted as the units of 𝜎 conveniently match those of 𝜇 

RESULTS 
The Efficient Surface 
The key result that RW generates is the ‘efficient surface.’   

 

 The blue sphere represents the current (inefficient) portfolio 
coordinates. 

 The surface shows all of the efficient (𝜇, 𝜎, 𝑃) combinations given the 
bounds and constraints entered by the user².   

 The orientation of the associated blue plane shows the intersection of 
the surface for the current portfolio premium. The blue arrows show 
that for the same premium amount, the portfolio could attain either 
a higher return for the same level of risk, or a lower level of risk for 
the same return.  A combination of higher return and lower risk can 
be achieved and this is best quantified via the Sharpe ratio ⁱⁱ 

 The user chooses an efficient portfolio from the surface. More 
expected return => More Risk.   More premium => More Risk 

 
Tail Risk Surface 
Minimising the overall variance implicitly reduces tail risk. The contract 
weights for each point on the efficient surface can be extracted; and as the 
contract YLTs are available, it is possible to compute a 𝑉𝑎𝑅 (𝐿) or 
𝑇𝑉𝑎𝑅 (𝐿)  for each point on the efficient surface.  This produces an 
equivalent ‘Tail Risk’ surface:  

 The surface shows the 1/200 RPL values for every point on the 
efficient surface (𝜇, 𝑉𝑎𝑅 / (𝐿), 𝑃). 

 The orientation of the plane of intersection shows the efficient (𝜇, 𝑃) 
combinations for the same 𝑉𝑎𝑅 / (𝐿) as derived from the mean-
variance efficient surface.  

 The blue arrows show that the portfolio can obtain an increase in 
premium, expected return or both for the same 𝑉𝑎𝑅 / (𝐿).This is 
best quantified by the ROC surface ⁱⁱ 
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AEP Curve Comparison 
The surfaces can be used to evaluate improvements in either risk, return, 
portfolio premium or a combination of each. The user chooses an efficient 
portfolio from one of the surfaces and is presented with a full aggregate EP 
curve comparison (actual (before) vs selected (optimised)): 

 

Thousands ($)   Actual   Optimised  
 Premium   21,272   21,272  
 AAL   14,302   5,701  
 St Dev   25,048   10,240  
 𝝁   0.33   0.73  
 𝝈   1.18   0.48  
 Sharpe   0.28   1.52  
 50 yr   97,821   37,310  
 200 yr   176,831   67,688  
 1,000 yr   215,384   91,530  

Optimised Percent Shares 
Once the user is satisfied with the optimised loss distribution, the 
associated contract percent shares can be extracted from RW at the click 
of a button. 

 
Each contract (identified by RISK_ID) has an associated optimised percent 
share highlighted in yellow.  The optimised percent shares satisfy upper 
and lower bounds as well as any linear constraints imposed upon them.  

WORKFLOW 
 
1. Run the optimisation: Select the portfolio, premium set, constraint 

set (optional) and group set (optional).  
2. View the ES + Derivatives: Evaluate the efficient surface, Mt. Sharpe, 

Optimal Ridge, ROC surface etc.  
3. Check the Optimised AEP Curve: Having selected an efficient portfolio 

from one of the surfaces, the user checks the full AEP curve and 
portfolio statistics. The user can then go back and select a different 
efficient portfolio if necessary.  

4. Extract the Contract Percent Shares: Once satisfied the user clicks 
through to obtain the contract percent shares that constitute the 
efficient portfolio.
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SUMMARY 
 

 Minimise risk and reduce capital requirements by maximising your portfolio’s 
available diversification benefit. 

  Extract full value out of your expensive catastrophe models. 

 Include key business constraints through the use of bounds and linear constraints.  

 RW obtains the global minimum variance very quickly (no local minima) and is 
many orders of magnitude faster than generic solvers with regards to this specific 
problem. 

 Generate a VaR or TVaR surface from the efficient surface.  Evaluate key 
return period losses for all feasible premium/return combinations. 

 Select an efficient portfolio and compare the full loss distribution of the 
resultant optimised portfolio versus the pre-optimised portfolio. 

 Having approved the optimised portfolio metrics, click through to obtain 
the contract percent shares associated with the selected efficient portfolio.  

 Evaluate the effect of potentially negotiable business constraints upon 
portfolio performance by re-optimising the portfolio with/without those 
constraints. 

 Other types of loss model output can be considered for use with RW. 


